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Abstract
Using Buot’s superfield and lattice Weyl transform nonequilibirum
quantum transport formalism, we derive the topological Chern number
of the integer quantum Hall effect in electrical conductivity. The method
is naturally simple and direct, and employs neither the conventional use
of Kubo formula nor the retarded Green’s function in linear response the-
ory. We have identified the topological invariant in (~p, ~q;E, t)-phase space
nonequilibrium quantum transport equation, generally not to first-oder
in electric field but to first-order in the gradient expansion. We have
also derive the Kubo current-current correlation for the Hall current as a
by-product of our new approach. The Berry curvatur related to orbital
magnetic moment is also calculated.
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1 Introduction
The quantization of Hall conductance in a two-dimensional periodic potential
was first explained by Thouless, Kohmoto, Nightingale, and den Nijs (TKNN)[1]
using the Kubo current-current correlation. Similar approach were employed
by Streda [2]. Earlier, Laughlin[3], and later Halperin [4], study the effects
produced by changes in the vector potential on the states at the edges of a finite
system, where quantization of the conductance is made explicit, but it was not
obvious that the result is insensitive to boundary conditions. In contrast, the
use of Kubo formula by TKNN is for bulk two-dimensional conductors.
These theoretical studies were motivated by the Nobel Prize winning exper-
imental discovery of von Klitzing, Dorda, and Pepper[5] on the quantization of
the Hall conductance of a two-dimensional electron gas in a strong magnetic
field. The strong magnetic field basically provides the gapped energy struc-
ture for the experiments. In the TKNN approach, periodic potential in crys-
talline solid is being treated. A strong magnetic field is not needed to provide
the gapped energy structure in their theory, only peculiar gapped energy-band
structures. In principle, in the presence of electric field the discrete Landau
levels is replaced by the unstable discrete Stark ladder-energy levels [6, 7].
In this paper, we simply make use of the gapped energy band structure of
solids under external electric field. We employ the lattice Weyl transforma-
tion technique to go from the bare Hamiltonian to effective or renormalized
crystal Hamiltonian, which also provides a rigorous justification of the usual
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ansatz of substituting the coordinate operator rˆ by i ∂
∂p
in p-space (crystal mo-
mentum), as well as the crystal group velocity vg =
∂H
∂p
. We then employ the
real-time superfield and lattice Weyl transform nonequilibirum Green’s function
(SFLWT-NEGF) [8] quantum transport formalism of Buot[9, 10] in the first-
order gradient expansion to derive the topological Chern number of the integer
quantum Hall effect (IQHE) for two-dimensional systems.
We find that the quantization of Hall effect occurs strictly not to first-order
in the electric field but rather to first-order gradient expansion in the quantum
transport equation. The Berry connection and Berry curvature are used to
demonstrate the exact quantization of Hall conductance in units of e
2
h
, which
also happens to coincide with the source and drain contact conductance per spin
in mesoscopic quantum transport[8].
The new method employed in this paper employs neither the conventional
use of Kubo formula since originally employed by TKNN [1] nor the use of
retarded Green’s function in linear response theory. We have identified the
topological invariant in (p.q;E.t)-space quantum transport to be given by
1
(2π~)
∫ ∫ ∫
d~Kxd~Kydt
[
∂(a)
∂ ~Kx
∂(b)
∂ ~Ky
− ∂
(a)
∂ ~Ky
∂(b)
∂ ~Kx
]
H(a)
(
~K, E
)(
−iG<(b)
(
~K, E
))
.
To the author’s knowledge, this is the first time the real-time-dependent quan-
tum superfield nonequilibrium transport in phase space is employed to derive
topological invariant in Chern condensed matter system. In the process, we have
also derived the Kubo current-current formula strictly from real-time nonequilib-
rium quantum superfield theory of transport physics adapted to time-dependent
electric fields. The orbital magnetic moment and its related Berry curvature is
also calculated.
2 The Wigner distribution function and density
matrix
In the nonequilibrium many-body Green’s function technique, the principal
quantities of interest are the “reduced” or single-particle correlation functions
defined as
−iG< (1, 2) = Tr
[
ρH
(
ψ
†
H (2)
)
ψH (1)
]
=
〈(
ψ
†
H (2)
)
ψH (1)
〉
,
iG> (1, 2) = Tr
[
ρH
(
ψH (1)ψ
†
H (2)
)]
=
〈(
ψH (1)ψ
†
H (2)
)〉
, (1)
where ψH (1) and ψ
†
H (2) are the particle annihilation and creation operators
in the Heisenberg representation, respectively. The indices 1 and 2 subsume all
space-time indices and other quantum-label indices.
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If we write the second quantization operator for the one-particle (~p, ~q;E, t)-
phase space distribution function as
fˆλλσσ (~p, ~q;E, t) =
∑
v
e
2i
~
p·vψ
†
λσ
(
q + v, t+
τ
2
)
ψλ′σ′
(
q − v, t− τ
2
)
, (2)
where λ label the band index and σ the spin index [here we drop the Heisen-
berg representation subscripts H for economy of indices], then upon taking the
average〈
fˆλλ′σσ′ (~p, ~q;E, t)
〉
=
∑
v
e
2i
~
p·v
〈
ψ
†
λσ
(
~q + ~v, t+
τ
2
)
ψλ′σ′
(
~q − ~v, t− τ
2
)〉
,
(3)
we obtain particle distribution function ρλλ′σσ′ (p, q) ,
ρλλ′σσ′ (p, q) =
〈
fˆλλ′σσ′ (p, q)
〉
,
where we employ the four-dimensional notation: p = (~p,E) and q = (~q, t).
Equation (3) is iindeed the lattice Weyl transform of the density matrix operator
ρˆ as
ρλλ′σσ′ (p, q) =
〈
fˆλλ′σσ′ (p, q)
〉
=
∑
v
exp
(
2i
~
p · v
)〈
q − v;λ′, σ′
∣∣ ρˆ |q + v;λ, σ〉 ,
where the RHS is the lattice Weyl transform (LWT) of the density matrix
operator, which is identical to the LWT of −iG< (1, 2).
Thus expectation value of one-particle operator Aˆ can be calculated in phase-
space similar to the classical averages using a distribution function,
Tr
(
ρˆ Aˆ
)
:=
〈
Aˆ
〉
=
∑
p,q;λλ′σσ′
Aλλ′σσ′ (p, q) ρλ′λσ′σ (p, q) ,
clearly exhibiting the trace of binary operator product as a trace of the product
of their respective LWT’s. This general observation is crucial in most of the
calculations that follows.
The Wigner distribution function fW (~p, ~q, t) maybe given by
fW (~p, ~q, t) =
1
2π
∫
dE
(−iG< (~p, ~q;E, t))
=
1
2π
∫
dE
(−iG< (~p, ~q;E, t)) .
We further note that
ρ (t) = e−
i
~
Htρ (0) e
i
~
Ht
= U (t) ρ (0)U † (t) , (4)
provides the major time dependence in the transport equation that follows.
4
3 Renormalized Bloch-electron Hamiltonian
In the following, let us consider the crystal-lattice effective Hamiltonian for
energy band n in the presence of uniform electic field obtained through the use
of LWT given by [8, 9]
Heffective = Eo,n
(
Kˆ
)
− e ~F · Qˆ
= LWT (bare Hamiltonian), (5)
where
Kˆ=Pˆ− e
c
A˜ (t)≡Pˆ− e
c
F˜ct, (6)
and Eo,n
(
Kˆ
)
is the energy band function for the band index n. We denote the
Bloch state vector which is an eigenvector of the crystal momentum operator
Pˆ by |~p〉 and the Wannier state vector which is an eigenfunction of the lattice
position operator Qˆ by |~q〉. Of course the Bloch function is given by 〈~x| ~p〉
and the Wannier function is given by 〈~x| ~q〉. We have, by suppressing the band
indices,
Qˆ |~q〉 = ~q |~q〉
Pˆ |~q〉 = i~∇~q |~q〉 ,
Pˆ |~p〉 = ~p |~p〉 ,
Qˆ |~p〉 = −i~∇~p |~p〉 . (7)
Observe that in the presence of electric field, the effective Hamiltonian depends
on both lattice position operator Qˆ and time t through the vector potential
A˜ (t) = F˜ct and the scalar potential V = −e ~F · ~q. Therefore in general, the
LWT is expected to depend on the variables (~p, ~q;E, t).
3.1 Space and time translation operators
Commutation properties of the time and space translation operators, Tˆ (t) and
Tˆ (~q), respectively,
∂Tˆ (~q)
∂t
=
i
~
[
H, Tˆ (~q)
]
=
(
i
~
e ~F .~q
)
Tˆ (~q) , (8)
∂Tˆ (t)
∂~q
=
i
~
[
Kˆ, Tˆ (t)
]
=
(
i
~
e ~Ft
)
Tˆ (t) , (9)
suggest that in the presence of electric field, gauge invariant quantities that are
displaced in space and time acquires Peierls phase factors [10]. For example,
〈~q1, t1| Hˆ(1) |~q2, t2〉 =⇒ e−i e~ ~Ft·(~q1−~q2)e−i e~ ~F ·~q(t1−t2)H(1) (~q1 − ~q2, t1 − t2) , (10)
5
where
~q =
1
2
(~q1 + ~q2) ,
t =
1
2
(t1 + t2) .
Using the four dimensional notation: p = (~p,E) and q = (~q, t), the Weyl trans-
form A (p, q) of any operator Aˆ is defined by
Aλλ′ (p.q) =
∑
v
e(
2i
~ )p·v 〈q − v, λ| Aˆ
∣∣q + v, λ′〉 (11)
=
∑
u
e(
2i
~ )q·u 〈p+ u, λ| Aˆ
∣∣p− u, λ′〉 , (12)
where λ and λ′ stands for other discrete quantum numbers. Viewed as a
transformation of a matrix, we see that the Weyl transform of the matrix〈
q′, λ′
∣∣ Aˆ ∣∣∣q′′, λ′′〉 is given by Eq. (11) and the lattice Weyl transform of 〈p′, λ′∣∣ Aˆ ∣∣p′′, λ′′〉
is given by Eq. (12). Denoting the operation of taking the lattice Weyl trans-
form by the symbol W then it is esy to see that the lattice Weyl transform
of
W
(
∂
∂q′
+
∂
∂q′′
)〈
q′, λ′
∣∣ Aˆ ∣∣∣q′′, λ′′〉 = ∂
∂q
∑
v
e(
2i
~ )p·v
〈
q − v, λ′
∣∣ Aˆ ∣∣q + v, λ′′〉
=
∂
∂q
Aλ′λ′′ (p.q) . (13)
Similarly
W
(
∂
∂p′
+
∂
∂p′′
)〈
p′, λ′
∣∣ Aˆ ∣∣∣p′′, λ′′〉 = ∂
∂p
∑
u
e(
2i
~ )q·u 〈p+ u, λ| Aˆ ∣∣p− u, λ′〉
=
∂
∂p
Aλ′λ′′ (p.q) . (14)
Note that the derivatives on the LHS of Eqs. (13) and (14) operates only on
the wavefunction or state vectors.
Writing Eq. (11) explicitly, we have
Aλλ′ (~p.~q;E, t) =
∑
~v;τ
e(
2i
~ )~p·~ve(
i
~ )Eτ
〈
~q − ~v; t− τ
2
, λ
∣∣∣ Aˆ ∣∣∣~q + ~v; t+ τ
2
, λ′
〉
. (15)
Using the form of matrix elements in Eq. (10), we have〈
~q − ~v; t− τ
2
, λ
∣∣∣ Aˆ ∣∣∣~q + ~v; t+ τ
2
, λ′
〉
= e−i
e
~
~Ft·(~q1−~q2)e−i
e
~
~F ·~q(t1−t2)A (~q1 − ~q2, t1 − t2)
= ei
e
~
~Ft·(2v)ei
e
~
~F ·~qτAλλ′ (~q1 − ~q2, t1 − t2) .
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Thus
Aλλ′ (~p.~q;E, t) =
∑
~v;τ
e(
2i
~ )~p·~ve(
i
~ )Eτei
e
~
~Ft·(2v)ei
e
~
~F ·~qτAλλ′ (~q1 − ~q2, t1 − t2)
=
∑
~v;τ
e(
2i
~ )(~p+e~F t)·~ve(
i
~ )(E+e~F ·~q)τAλλ′ (~q1 − ~q2, t1 − t2)
= Aλλ′
((
~p+ e ~Ft
)
;
(
E + e ~F · q
))
= Aλλ′ (K; E) .
Hence the expected dynamical variables in the phase space including the time
variable occurs in particular combinations of K and E . Therefore, besides the
crystal momentum varying in time as
~K = ~p+ e ~Ft,
the energy variable vary with ~q as
E = E + e ~F · ~q
= H (K) + e ~F · ~q. (16)
In effect we have unified the use of scalar potential and vector potential for a
system under uniform electric fields. Thus,
∂ ~K
∂t
= e ~F =⇒ ∂
∂t
=
∂ ~K
∂t
∂
∂ ~K
= e ~F
∂
∂ ~K
, (17)
∂E
∂~q
= e ~F =⇒ ∂
∂~q
=
∂E
∂~q
∂
∂E = eF
∂
∂E , (18)
∂
∂ ~K
=
∂E
∂ ~K
∂
∂E = vg
∂
∂E , (19)
where vg is the group velocity. The LWT of the effective or renormalized lattice
Hamiltonian Heff ⇆ H (~p, ~q;E, t) can therefore be analyzed on
(
~K, E
)
-space
as
H (~p, ~q;E, t) = H
(
~K, E
)
= H (K) + e ~F · ~q.
The last line is by virtue of Eq. (16). And all gauge invariant quantities are
functions of
(
~K, E
)
such as the electric Bloch function[10] or Houston wave-
function [[6]] and electric Wannier function, i.e., the electric-field dependent
generalization of Wannier function. In particular, the Weyl transform of a com-
mutator,
W [H,G<] = sinΛ,
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where Λ is the Poisson bracket operator. We can therefore write the Poisson
bracket operator Λ, as
Λ =
~
2
[
∂(a)
∂t
∂(b)
∂E −
∂(a)
∂E
∂(b)
∂t
]
=⇒ ~
2
∂ ~K
∂t
·
[
∂(a)
∂ ~K
∂(b)
∂E −
∂(a)
∂E
∂(b)
∂ ~K
]
=
~
2
e ~F ·
[
∂(a)
∂ ~K
∂(b)
∂E −
∂(a)
∂E
∂(b)
∂ ~K
]
, (20)
on
(
~K, E
)
-phase space.
4 SFLWT-NEGF transport equation
The nonequibrium quantum superfield transport equation for interacting Bloch
electrons under a unifrom electric field has been derived by Buot and Jensen[10].
In the absence of superconducting behavior, the phase-space transport equation
reads
∂
∂t
G< (~p, ~q;E, t) =
2
~
sin Λˆ
{
H (p, q)G< (p, q) + Σ< (p, q)ReGr (p, q)
}
+
1
~
cos Λˆ
{
Σ< (p, q)A (p, q)− Γ (p, q)G< (p, q)} . (21)
If we expand Eq. (21) to first order in the gradient, i.e., sinΛ ≃ Λ,we obtain
∂
∂t
G< (p, q) = −e ~F ·
{
∂
∂∂EEα
(
~K
)
+
∂ReΣr (p, q)
∂E
}
∂
∂ ~K
G< (p, q)
+e ~F ·
{
∂
∂ ~K
Eα
(
~K
)
+
∂ ReΣr (p, q)
∂ ~K
}
∂
∂EG
< (p, q)
−e ~F ·
{
∂Σ< (p, q)
∂E
∂ ReGr (p, q)
∂ ~K
}
+ e ~F ·
{
∂Σ< (p, q)
∂ ~K
∂ ReGr (p, q)
∂E
}
+
1
~
{
Σ< (p, q)A (p, q)− Γ (p, q)G< (p, q)} , (22)
where Gr (p, q) is the LWT of the retarded Green’s function, A (p, q) is the
spectral function, and Γ (p, q) is the corresponding scattering rate.
4.1 Balistic transport
We wiill simplify Eq. (22) by neglecting the self-energies, i.e., we limit to non-
interacting particles. Then we have the following simplified quantum transport
equation,
∂
∂t
G< (p, q) = −e ~F · ∂
∂EEα
(
~K
) ∂
∂ ~K
G< (p, q)
+e ~F · ∂
∂ ~K
Eα
(
~K
) ∂
∂EG
< (p, q)
8
which can be written in terms of the Poisson bracket of Eq. (20) as
∂
∂t
G<
(
~K, E
)
=
2
~
~
2
e ~F ·
[
∂(a)
∂ ~K
∂(b)
∂E −
∂(a)
∂E
∂(b)
∂ ~K
]
H(a)
(
~K, E
)
G<(b)
(
~K, E
)
.
(23)
Therefore
G<
(
~K, E
)
= e ~F ·
∫
dt
[
∂(a)
∂ ~K
∂(b)
∂E −
∂(a)
∂E
∂(b)
∂ ~K
]
H(a)
(
~K, E
)
G<(b)
(
~K, E
)
.
Assuming that the electric field is in the x-direction. Then
G<
(
~K, E
)
= e
∣∣∣~F ∣∣∣ ∫ dt [ ∂(a)
∂ ~Kx
∂(b)
∂E −
∂(a)
∂E
∂(b)
∂ ~Kx
]
H(a)
(
~K, E
)
G<(b)
(
~K, E
)
.
The Hall current in the y-direction is thus given by the following equation,
a2
(2π~)
2
∫ ∫
d~Kxd~Ky
(
e
a2
∂E
∂ ~Ky
)(
−iG<
(
~K, E
))
= e2
∣∣∣~F ∣∣∣ 1
(2π~)
2
∫ ∫ ∫
d~Kxd~Ky dt ∂E
∂ ~Ky
[
∂(a)
∂ ~Kx
∂(b)
∂E −
∂(a)
∂E
∂(b)
∂ ~Kx
]
H(a)
(
~K, E
)(
−iG<(b)
(
~K, E
))
= e2
∣∣∣~F ∣∣∣ 1
(2π~)
2
∫ ∫ ∫
d~Kxd~Kydt
[
∂(a)
∂ ~Kx
∂(b)
∂ ~Ky
− ∂
(a)
∂ ~Ky
∂(b)
∂ ~Kx
]
H(a)
(
~K, E
)(
−iG<(b)
(
~K, E
))
.(24)
If we are only interested in linear response we may consider all the quantities
in the integrand to be of zero-order in the electric field, although this is not
necessary if we allow very weak electric field leading to time dependence being
dominated by the time dependence of the density matrix, as we shall see in what
follows.
4.2 Quantization of Hall conductance
From Eq. (24), we claim that the quantized Hall conductivity is given by
σyx =
(
e2
h
)
1
(2π~)
∫ ∫ ∫
d~Kxd~Kydt
[
∂(a)
∂ ~Kx
∂(b)
∂ ~Ky
− ∂
(a)
∂ ~Ky
∂(b)
∂ ~Kx
]
H(a)
(
~K, E
)(
−iG<(b)
(
~K, E
))
,
(25)
and is quantized in units of e
2
h
, i.e., σyx =
e2
h
Z, where Z is in the domain of
integers or the first Chern numbers. In doing the integration with respect to
time, t, we need to examine the implicit time-dependence of the matrix element
of G< in the ’pull back’ representation defined below.
5 SFLWT-NEGF approach to Hall conductivity
Now to prove the Eq. (25) gives σyx =
e2
h
n, where n ∈ Z, we need to transform
the integral of the equation to the curvature of the Berry connection in a closed
9
loop. This necessitates a ’pull back’ (i.e., undoing) the lattice transformation of
Eq. (25).
5.1 ’Pull back’ of the lattice Weyl transformation
We give the proof that the Hall conductivity σyx =
e2
h
Z in Eq. (25) by recasting
the Eq. (24) to the expression originally used by TKNN[[1]], obtained through
the Kubo formula in linear response theory, to derive the quantization of integer
quantum Hall effect. This means we have to ’pull back’ or undo the lattice
transformation of SFLWT-NEGF transport equation.
Consider the integrand in Eq. (25) given by the partial derivatives of lattice
Weyl transformed quantities.[
∂(a)
∂ ~Kx
∂(b)
∂ ~Ky
− ∂
(a)
∂ ~Ky
∂(b)
∂ ~Kx
]
H(a)
(
~K, E
)(
−iG<(b)
(
~K, E
))
=

∂H(a)
(
~K, E
)
∂ ~Kx
∂G<(b)
(
~K, E
)
∂ ~Ky
−
∂H(a)
(
~K, E
)
∂ ~Ky
∂G<(b)
(
~K, E
)
∂ ~Kx

 .(26)
The trick is to ’pull back’ (undo) the lattice Weyl transformation to touch base
with Berry connection and Berry curvature. Take first the term of Eq. (26)
∂H(a)
(
~K, E
)
∂kx
= ~
∂H(a)
(
~K, E
)
∂ ~Kx
.
From Eq. (14) this can be written as a lattice Weyl transform W in the form,
∂H(a)
(
~K, E
)
∂ ~Kx
= W
{(
∂
∂ ~Kαx
+
∂
∂ ~Kβx
)〈
α, ~K, E
∣∣∣ Hˆ ∣∣∣β, ~K, E〉
}
= W
{〈
α,
∂
∂ ~Kx
~K, E
∣∣∣∣ Hˆ
∣∣∣β, ~K, E〉+ 〈α, ~K, E∣∣∣ Hˆ
∣∣∣∣β, ∂
∂ ~Kx
~K, E
〉}
= W
{
Eβ
(
~K, E
)〈
α,
∂
∂ ~Kx
~K, E
∣∣∣∣ ∣∣∣β, ~K, E〉+ Eα (~K, E)〈α, ~K, E∣∣∣
∣∣∣∣β, ∂
∂ ~Kx
~K, E
〉}
= W
{(
Eβ
(
~K, E
)
− Eα
(
~K, E
))〈
α,
∂
∂ ~Kx
~K, E
∣∣∣∣ ∣∣∣β, ~K, E〉
}
, (27)
where
〈
α, ∂
∂ ~Kx
~K, E
∣∣∣ symbolically denotes derivative with respect to ~Kx of the
state vector
〈
α, ~K, E
∣∣∣ labeled by the three quantum labels. Likewise for ∣∣∣β, ∂
∂ ~Kx
~K, E
〉
.
We also have
∂G<(b)
(
~K, E
)
∂Ky =W
{(
∂
∂ ~Kβy
+
∂
∂ ~Kαy
)〈
β, ~K, E
∣∣∣ (iρˆ) ∣∣∣α, ~K, E〉
}
,
10
where ρˆ is the density matrix operator. From Eq. (4), we take the time depen-
dence of
〈
β, ~K, E
∣∣∣ (iρˆ) ∣∣∣α, ~K, E〉 to be given by i〈β, ~K, E∣∣∣ ρˆ (0) ∣∣∣α, ~K, E〉 eiωαβt.
We have1
∂G<(b)
(
~K, E
)
∂Ky =W


〈
β, ∂
∂ ~Ky
~K, E
∣∣∣ (iρˆ0) ∣∣∣α, ~K, E〉
+
〈
β, ~K, E
∣∣∣ iρˆ0 ∣∣∣α, ∂∂ ~Ky ~K, E
〉

 eiωαβt.
The density matrix operator ρˆ0 is of the form,
ρˆo =
∑
m
ρm |m〉 〈m|
ρˆo |m〉 = ρm |m〉 = f (Em) |m〉
〈m| ρˆo |n〉 = ρmm = f (En) δmn or f (Em) δmn
where the weight function is the Fermi-Dirac function,
ρm0 = f (Em)
Hence
iρˆo
∣∣∣α, ~K, E〉 = i∑
γ
∣∣∣γ, ~K, E〉 ργ0 〈γ, ~K, E∣∣∣ ∣∣∣α, ~K, E〉
= i
∣∣∣α, ~K, E〉 f (Eα) .
Similarly,
i
〈
β, ~K, E
∣∣∣ (ρˆ0) = i〈β, ~K, E∣∣∣∑
γ
∣∣∣γ, ~K, E〉 ρ0 〈γ, ~K, E∣∣∣
= if (Eβ)
〈
β, ~K, E
∣∣∣ .
Hence
∂G<(b)
(
~K, E
)
∂Ky =W


i
〈
β, ∂
∂ ~Ky
~K, E
∣∣∣ ∣∣∣α, ~K, E〉 ρα0
i
〈
β, ~K, E
∣∣∣ ∣∣∣α, ∂
∂ ~Ky
~K, E
〉
ρ
β
0

 eiωαβt.
Shifting the first derivative to the right, we have
∂G<(b)
(
~K, E
)
∂Ky = W


−i
〈
β, ~K, E
∣∣∣ ∣∣∣α, ∂
∂ ~Ky
~K, E
〉
f (Eα)
i
〈
β, ~K, E
∣∣∣ ∣∣∣α, ∂
∂ ~Ky
~K, E
〉
f (Eβ)

 eiωαβt
= W
[{
i (f (Eβ)− f (Eα))
〈
β, ~K, E
∣∣∣
∣∣∣∣∣α, ∂∂ ~Ky ~K, E
〉}
eiωαβt
]
.
1Here we use the definition of Green’s function without the factor ~, following traditional
treatments, i.e. ρ (1, 2) = −iG< (1, 2).
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For energy scale it is convenient to chose to use f (Eα) in the above equation,
with the viewpoint that α-state is far remove from the β-state in gapped states,
so that we can set f (Eβ) ≃ 0. The case α = β is indeterminate so that by
setting f (Eβ) ≃ 0 renders the summation to be well-defined. Therefore
∂H
(
~K, E
)
∂Kx
∂G<
(
~K, E
)
∂Ky
=


W
[(
−
(
Eβ
(
~K, E
)
− Eα
(
~K, E
))){〈
α, ∂
∂ ~K
′′
x
~K, E
∣∣∣∣
∣∣∣β, ~K, E〉}]
×W
[{
−if (Eα)
〈
β, ~K, E
∣∣∣ ∣∣∣α, ∂
∂ ~Ky
~K, E
〉}
eiωαβt
]


=


W
[(
Eβ
(
~K, E
)
− Eα
(
~K, E
)){〈
α, ∂
∂ ~K
′′
x
~K, E
∣∣∣∣
∣∣∣β, ~K, E〉}]
×W
[{
i
〈
β, ~K, E
∣∣∣ ∣∣∣α, ∂
∂ ~Ky
~K, E
〉}]
f (Eα) e
iωαβt

 .
Since it appears as a product of two Weyl transforms, it must be a trace formula
in the untransformed or pulled back version, i.e., for the remaing indices α and
β we must be a summation,
∂H
(
~K, E
)
∂Kx
∂G<
(
~K, E
)
∂Ky
= W




∑
α,β
(
Eβ
(
~K, E
)
− Eα
(
~K, E
))
×
{〈
α, ∂
∂Kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉}{〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂Ky ~K, E
〉}
eiωαβt

 i (f (Eα))

 .
Similarly, we have
∂H
(
~K, E
)
∂Ky
∂G<
(
~K, E
)
∂Kx
= W




∑
α,β
(
Eβ
(
~K, E
)
− Eα
(
~K, E
))
×
{〈
α, ∂
∂Ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉}{〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂Kx ~K, E
〉}
eiωαβt

 if (Eα)

 .
Therefore we obtain
∂H
(
~K, E
)
∂Kx
∂G<
(
~K, E
)
∂Ky −
∂H
(
~K, E
)
∂Ky
∂G<
(
~K, E
)
∂Kx


= W




∑
α,β
(
Eβ
(
~K, E
)
− Eα
(
~K, E
))
×


{〈
α, ∂
∂Kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉}{〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂Ky ~K, E
〉}
−
{〈
α, ∂
∂Ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉}{〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂Kx ~K, E
〉}




ieiωαβt (f (Eα))

 .
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Now the LHS of Eq. (24), namely
(
a
(2π~)
)2 ∫
d~Kxd~Ky e
a2
∂E
∂ ~Ky
G<
(
~K, E
)
=
(
a
(2π~)
)2 ∫
d~Kxd~Ky e
a2
∂H
∂ ~Ky
G<
(
~K, E
)
.
(28)
Using the result of Eq. (27), we have
∂H
(
~K, E
)
∂ ~Ky
= W
{[(
Eα
(
~K, E
)
− Eβ
(
~K, E
))]〈
α, ~K, E
∣∣∣
∣∣∣∣∣β, ∂∂ ~K′′y ~K, E
〉}
= W
{[(
Eβ
(
~K, E
)
− Eα
(
~K, E
))]〈
α,
∂
∂ ~Ky
~K, E
∣∣∣∣∣
∣∣∣β, ~K, E〉
}
= W
{
ωβα
〈
α,
∂
∂ky
~K, E
∣∣∣∣ ∣∣∣β, ~K, E〉
}
=
〈
α, ~K, E
∣∣∣ vy ∣∣∣β, ~K, E〉
where
ωβα
〈
α,∇~k~p
∣∣ |β, ~p〉 = 〈α, ~p|~v |β, ~p〉
Likewise
G<
(
~K, E
)
= iW
(〈
β, ~K, E
∣∣∣ ρˆ ∣∣∣α, ~K, E〉)
Again since Eq. (28) is a product of lattice Weyl transform, it must be a trace
in the untransformed version, i.e.,
(
a
(2π~)
)2 ∫
d~Kxd~Ky e
a2
∂H
∂ ~Ky
G<
(
~K, E
)
= W


i
∫ (
a
(2π~)
)2
d~Kxd~Ky
×
∑
α,β
〈
α, ~K, E
∣∣∣ ea2 vy ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ρˆ ∣∣∣α, ~K, E〉


= W
{
iT r
( e
a2
vˆy
)
ρˆ
}
= iW {Tr (ˆyρˆ)} = iW {Tr (ˆy ρˆ)}
= iW {〈ˆy (t)〉} .
For calculating the conductivity we are interested in the term multiplying the
first-order in electric field. We can now convert the quantum transport equation
in the transformed space, Eq. (24),
(
a
(2π~)
)2 ∫
d~Kxd~Ky e
a2
∂E
∂ ~Ky
[
−iG<
(
~K, E
)]
= e2
∣∣∣~F ∣∣∣ 1
(2π~)
2
∫ ∫ ∫
d~Kxd~Kydt
[
∂(a)
∂ ~Kx
∂(b)
∂ ~Ky
− ∂
(a)
∂ ~Ky
∂(b)
∂ ~Kx
]
H(a)
(
~K, E
)(
−iG<(b)
(
~K, E
))
,
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to the untransformed space by undoing or ’pulling back’ the lattice Weyl trans-
formationW , which amounts to canceling W in both side of the equation given
by,
W {〈ˆy (t)〉}
= W


e2
h
∣∣∣~F ∣∣∣ 1(2π~)
∫ ∫ ∫
d~Kxd~Kydt
×
∑
α,β


(
Eβ
(
~K, E
)
− Eα
(
~K, E
))
×


〈
α, ∂
∂ ~Kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂
∂ ~Ky
~K, E
〉
−
〈
α, ∂
∂ ~Ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂
∂ ~Kx
~K, E
〉

 eiωαβtf (Eα)

 .


(29)
The time integral of the RHS amounts to taking zero-order time dependence
[zero electric field] of the rest of the integrand, then we have for the remaining
time-dependence, explicitly integrated as,
0∫
−∞
dt exp iωαβt =
exp exp iωαβt
iωαβ
∣∣∣∣
τ=0
τ=−∞
=
exp (i (ωαβ − iη) τ )
iωαβ
∣∣∣∣
τ=0
τ=−∞
=
1
iωαβ
Thus eliminating the time integral we finally obtain.
〈ˆy (t)〉 = −i e
2
h
∣∣∣~F ∣∣∣ 1
(2π~)
∫ ∫
d~Kxd~Ky
∑
α,β


f (Eα)
(
−~ωαβ
ωαβ
)
×


〈
α, ∂
∂ ~Kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂
∂ ~Ky
~K, E
〉
−
〈
α, ∂
∂ ~Ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂
∂ ~Kx
~K, E
〉




〈ˆy (t)〉 = i e
2
h
∣∣∣~F ∣∣∣ 1
(2π)
∫ ∫
dkxdky
∑
α,β
f (Eα)


〈
α, ∂
∂kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂ky ~K, E
〉
−
〈
α, ∂
∂ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂kx ~K, E
〉

 (30)
Taking the Fourier transform of both sides, we obtain
〈ˆy (ω)〉 = i e
2
h
∣∣∣~F ∣∣∣ δ (ω)
(2π)
∫ ∫
dkxdky
∑
α,β


〈
α, ∂
∂kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂ky ~K, E
〉
−
〈
α, ∂
∂ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂kx ~K, E
〉

 f (Eα)
(31)
Taking the limit ω =⇒ 0 and summing over the states β, we readily obtain the
conductivity, σyx.
σyx =
e2
h
∑
α
f (Eα)
i
(2π)
∫ ∫
dkxdky


〈
α, ∂
∂kx
~K, E
∣∣∣ ∣∣∣α, ∂∂ky ~K, E
〉
−
〈
α, ∂
∂ky
~K, E
∣∣∣ ∣∣∣α, ∂∂kx ~K, E
〉

 , (32)
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where ~K =⇒P from Eq. (6) in both Eqs. (31) and (32). This is the same
expression that can obtained to derive the integer quantum Hall effect from
Kubo formula [1].
We now prove that for each statevector,
∣∣∣α,~k〉, the expression,
i
(2π)
∫ ∫
dkxdky f
(
Eα
(
~k
))[〈 ∂
∂kx
α,~k
∣∣∣∣ ∂∂ky
∣∣∣α,~k〉−〈 ∂
∂ky
α,~k
∣∣∣∣ ∂∂kx
∣∣∣α,~k〉] ,
(33)
is the winding number around the occupied contour in the Brillouin zone. First
we can rewrite the terms within the square bracket as[〈
∂
∂kx
α,~k
∣∣∣∣ ∂∂ky
∣∣∣α,~k〉−〈 ∂
∂ky
α,~k
∣∣∣∣ ∂∂kx
∣∣∣α,~k〉]
=
〈
∂
∂~k
α,~k
∣∣∣∣× ∂
∂~k
∣∣∣α,~k〉 = ∇~k × 〈α,~k∣∣∣ ∂
∂~k
∣∣∣α,~k〉 . (34)
The last term indicates the operation of the curl of the Berry connection which is
related to the quantization of Hall conductivity. This quantization is due to the
uniqueness of the parallel-transported wavefunction. To understand this, first
we discuss how the phase of the wavefunction relates to the Berry connection
and Berry curvature. This is given in the next section.
5.2 Change of the phase of the wavefunction under paral-
lel transport
To relate to the phase of the wavefunction, we recall that for parallel transport
∂ψα
(
~k
)
∂t
=
(
−Γj~k,β
d~k
dt
)
ψβ
(
~k
)
=
(
−
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣β,~k〉 d~k
dt
)
ψβ
(
~k
)
.
In the adiabatic case, this becomes (assuming energy band α is far remove from
the other bands),
∂ψα
(
~k
)
∂t
=
(
−
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣α,~k〉 · d~k
dt
)
ψα
(
~k
)
.
Thus,
d lnψα
(
~k
)
dt
=
(
−
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣α,~k〉 · d~k
dt
)
d lnψα
(
~k
)
= −
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣α,~k〉 · d~k
dφ = i
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣α,~k〉 · d~k,
15
where idφ is the change of phase of the wavefunction along a curve in ~k-space
(Brillouin zone). Around a closed curve the total change of phase must be a
multiple of 2π, i.e., ∆φ = 2πn (n ∈ Z) for the wavefunction to return to its
original state.
We can write
i
(2π)
∫ ∫
dkxdky f
(
Eα
(
~k
))[〈 ∂
∂kx
α,~k
∣∣∣∣ ∂∂ky
∣∣∣α,~k〉−〈 ∂
∂ky
α,~k
∣∣∣∣ ∂∂kx
∣∣∣α,~k〉]
=
i
(2π)
∫ ∫
dkxdky f
(
Eα
(
~k
))[
∇~k ×
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣α,~k〉]
plane
5.3 First Chern number and quantization of QHE
At low temperature, we can just write
σyx =
ie2
2π~
1
(2π)
∑
α
∫ ∫
occupiedBZ
dkxdky
[
∇~k ×
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣α,~k〉]
plane
=
e2
2π~
i
(2π)
∑
α
∮
dkc
[〈
α,~k
∣∣∣ ∂
∂kc
∣∣∣α,~k〉]
contour
.
Now
i∆φtotal = −
∮
dkc
[〈
α,~k
∣∣∣ ∂
∂kc
∣∣∣α,~k〉]
contour
∆φtotal = i
∮
dkc
[〈
α,~k
∣∣∣ ∂
∂kc
∣∣∣α,~k〉]
contour
∆φtotal
2π
=
i
2π
∮
dkc
[〈
α,~k
∣∣∣ ∂
∂kc
∣∣∣α,~k〉]
contour
is the winding number or the Chern number.
Therefore
σyx =
ie2
2π~
1
(2π)
∑
α
∫ ∫
occupiedBZ
dkxdky
[
∇~k ×
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣α,~k〉]
plane
=
e2
2π~
i
(2π)
∑
α
∮
dkc
[〈
α,~k
∣∣∣ ∂
∂kc
∣∣∣α,~k〉]
contour or Wilson loop over BZ
=
e2
h
∑
α
∆φtotal
2π
=
∑
α
e2
h
nα,
over all occupied bands α, where nα ∈ Z is the topological first Chern (or
winding) number. Thus the the Hall conductivity is quantized in units of e
2
h
as
derive from Eq. (25) of the new method used here.
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6 Kubo current-current correlation formula
To touch base with a time-dependent perturbation of the Kubo current-current
correlation we recall that in this particular approach, a time varying electric field
is indirectly used. To get to QHE the limiting case of ω =⇒ 0 is taken after
Fourier transformation of a convolution integral. In adapting to our approach,
this means that the time integral in the expression of the RHS of Eq. (29)
when transformed to current-current correlation is a convolution integral before
taking the Fourier transform.
We start with the RHS of Eq. (29),
RHS
=
e2
h
1
(2π~)
∫ ∫ ∫
d~Kxd~Kydt
∑
α,β


(
Eβ
(
~K, E
)
− Eα
(
~K, E
))
×


〈
α, ∂
~∂kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂
~∂ky
~K, E
〉
−
〈
α, ∂
~∂ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂
~∂kx
~K, E
〉


×f (Eα) ei(ωαβ)t

(35)
RHS
=
e2
h
1
(2π~)
∫ ∫ ∫
d~Kxd~Kydt
∑
α,β


~ωβα
×


〈
α, ∂
~∂kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂
~∂ky
~K, E
〉
−
〈
α, ∂
~∂ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂
~∂kx
~K, E
〉


×f (Eα) ei(ωαβ)t
,


RHS
=
e2
h
~
(2π~) ~2
∫ ∫ ∫
d~Kxd~Kydt
∑
α,β


ωβα
×


〈
α, ∂
∂kx
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂ky ~K, E
〉
−
〈
α, ∂
∂ky
~K, E
∣∣∣ ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ ∣∣∣α, ∂∂kx ~K, E
〉


×f (Eα) ei(ωαβ)t
.


We make use of the general relations
〈α, ~p|~v |β, ~p〉 ≡ ωβα
〈
α,∇~k~p
∣∣ |β, ~p〉
〈
α,∇~k~p
∣∣ |β, ~p〉 = 〈α, ~p|~v |β, ~p〉
ωβα
(36)
Similarly, we have
〈β, ~p|~v |α, ~p〉 ≡ ωβα 〈β, ~p| ∇~k |α, ~p〉 ,
〈β, ~p| ∇~k |α, ~p〉 =
〈β, ~p|~v |α, ~p〉
ωβα
. (37)
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Substituting in Eq. (35), we then have the convolution integral with respect to
time,
RHS
=
e2
h
1
(2π~) ~
∫ ∫ ∫
d~Kxd~Kydt′
∑
α,β




1
ωβα
〈
α, ~K, E
∣∣∣ vx ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ vy (t− t′) ∣∣∣α, ~K, E〉
−
〈
α, ∂
∂ky
~K, E
∣∣∣ vy (t− t′) ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ vx ∣∣∣α, ~K, E〉 1ωβα


× ei(ωαβ)t′f (Eα)

 .
Consider the following Fourier transformation,
1√
2π
∞∫
−∞
eiωtF (t) dt =
1√
2π
∞∫
−∞
eiωtdt
0∫
−∞
f (t− t′) g (t′) dt′,
t− t′ = α =⇒ dt = dα,
t = (t′ + α) ,
1√
2π
∞∫
−∞
eiωtF (t) dt =
1√
2π
∞∫
−∞
eiωt
′
g (t′) dt′
0∫
−∞
eiωαf (α) dα.
We can transform the range of integration as follows,
0∫
−∞
eiωαf (α) dα =
0∫
∞
e−iωαf (−α) (−dα) =
∞∫
0
e−iωαf (−α) dα
=
∞∫
0
e−iωαf † (α) dα =
∞∫
0
e−iωαf (α) dα,
since f (α) = j (α) is the observable current density and hence self-adjoint. We
can apply this result in what follows.
Defining the current density as jx =
evx
a2
, we obtain, after Fourier transform-
ing the convolution integral as
RHS
=
a2
~ω
∫ ∫ (
a
(2π~)
)2
d~Kxd~Ky
∞∫
0
dt
∑
α,β




〈
α, ~K, E
∣∣∣ evxa2 ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ evy(t)a2 ∣∣∣α, ~K, E〉
−
〈
α, ~K, E
∣∣∣ evy(t)a2 ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ evxa2 ∣∣∣α, ~K, E〉


× e−i(ω−iη)tf (Eα)


=
a2
~ω
∞∫
0
dt
∫ ∫ (
a
(2π~)
)2
d~Kxd~Ky
∑
α,β




〈
α, ~K, E
∣∣∣ jx (0) ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ jy (t) ∣∣∣α, ~K, E〉
−
〈
α, ~K, E
∣∣∣ jy (t) ∣∣∣β, ~K, E〉〈β, ~K, E∣∣∣ jx (0) ∣∣∣α, ~K, E〉


× e−i(ω−iη)tf (Eα)


=
a2
~ω
∞∫
0
dt T rρ0 {[jx (0) , jy (t)]} e−i(ω−iη)t, (38)
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where η is just a regularization exponent at∞. Therefore the Kubo formula for
the conductivity is given by
σyx (t) =
a2
~ω
∞∫
0
dt T rρ0 {[jx (0) , jy (t)]} e−i(ω−iη)t. (39)
This is the Kubo current-current correlation formula for the Hall conductivity.
6.1 Berry curvature and orbital magnetic moment of 2-D
systems
Note that the orbital magnetic moment is given by,〈
~M
〉
= Trρ
e
2m
~L = Trρ
e
2m
~Q× ~P
= −i e
2m
∑
α,p;β,p
f (Eα (~p)) 〈α, ~p| ∇~k |β, ~p〉 × 〈β, ~p| ~P |α, ~p〉
= −i e
2
∑
α,p;β,p
f (Eα (~p)) 〈α, ~p| ∇~k |β, ~p〉 × 〈β, ~p|~v |α, ~p〉
Using Eq. (37), we obtain〈
~M
〉
= −i e
2
∑
α,p;β,p
f (Eα (~p))ωβα 〈α, ~p| ∇~k |β, ~p〉 × 〈β, ~p| ∇~k |α, ~p〉 ,
or 〈
~M
〉
= −i e
2
∑
α,p;β,p
f (Eα (~p))
ωαβ
〈α, ~p|~v |β, ~p〉 × 〈β, ~p|~v |α, ~p〉 .
So Berry’s curvature implies the presence of orbital magnetic moment. 2
In fact we can pull out the Berry curvature by rewriting in the Heisenberg
picture,〈
~M
〉
= Trρ
e
2m
L = Trρ
e
2m
~Q× ~P
=
e
2m
∑
α,p;β,p
f (Eα (~p)) 〈α, ~p| ~Q |β, ~p〉 × 〈β, ~p| ~P |α, ~p〉
=
e
2
∑
α,p;β,p
f (Eα (~p)) 〈α, ~p| e i~Ht ~QSe− i~Ht |β, ~p〉 × 〈β, ~p|~v |α, ~p〉
=
e
2
∑
α,p;β,p
f (Eα (~p)) e
iωαβt 〈α, ~p| ~QS |β, ~p〉 × 〈β, ~p|~v |α, ~p〉 .
2Using Eq. (37), we obtain as written in some literature
〈M〉 = −
e
2
(i)2
~2
m2
∑
α,p;β,p
f (Eα (~p))
(
Eα (~p) −Eβ (~p)
)
i~
〈α, ~p|m~v |β, ~p〉(
Eα (~p)− Eβ (~p)
) × 〈β, ~p|m~v |α, ~p〉(
Eα (~p) −Eβ (~p)
)
= −i
e~
2m2
∑
α,p;β,p
f (Eα (~p))
〈α, ~p|m~v |β, ~p〉 × 〈β, ~p|m~v |α, ~p〉(
Eα (~p)− Eβ (~p)
) .
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From Eq. (7), we obtain
〈M〉 = −i e
2
∑
α,p;β,p
f (Eα (~p)) e
iωαβt 〈α, ~p| ∇~k |β, ~p〉 × 〈β, ~p|~v |α, ~p〉
= −i e
2
∑
α,p;β,p
f (Eα (~p)) e
iωαβt 〈α, ~p| ∇~k |β, ~p〉 × 〈β, ~p| ∇~k |α, ~p〉ωβα.
Integrating the RHS with respect to time, the result is in units of orbital mag-
netic moment multiplied by time denoted by
〈
~M
〉
,
〈
~M
〉
= −i e
2
∑
α,p;β,p
f (Eα (~p))
0∫
−∞
eiωαβtdt ωβα 〈α, ~p| ∇~k |β, ~p〉 × 〈β, ~p| ∇~k |α, ~p〉
= −i e
2
∑
α,p;β,p
f (Eα (~p))
ωβα
iωαβ
dt 〈α, ~p| ∇~k |β, ~p〉 × 〈β, ~p| ∇~k |α, ~p〉
=
e
2
∑
α,p;β,p
f (Eα (~p)) 〈α, ~p| ∇~k |β, ~p〉 × 〈β, ~p| ∇~k |α, ~p〉
= −e
2
∑
α,p;β,p
f (Eα (~p))
〈
α,∇~k~p
∣∣ |β, ~p〉 × 〈β, ~p| ∇~k |α, ~p〉
= −e
2
∑
α,p
f (Eα (~p))
〈
α,∇~k~p
∣∣× ∣∣α,∇~k~p〉 .
The last line is just〈
~M
〉
= −e
2
a2
(2π)2
∑
α
∫ ∫
dkxdky f
(
Eα
(
~k
)) [〈 ∂
∂kx
α,~k
∣∣∣∣ ∂∂ky
∣∣∣α,~k〉−〈 ∂
∂ky
α,~k
∣∣∣∣ ∂∂kx
∣∣∣α,~k〉]
= −e
2
a2
(2π)
2
∑
α
∫ ∫
dkxdky f
(
Eα
(
~k
)) [〈 ∂
∂kx
α,~k
∣∣∣∣ ∂∂ky
∣∣∣α,~k〉−〈 ∂
∂ky
α,~k
∣∣∣∣ ∂∂kx
∣∣∣α,~k〉]
= −e
2
a2
(2π)
2
∑
α
f
(
Eα
(
~k
))∫ ∫
dkxdky
(
∇~k ×
〈
α,~k
∣∣∣ ∂
∂~k
∣∣∣α,~k〉) ,
explicitly revealing the Berry curvature derived from the expression for the
orbital magnetic moment.
7 Concluding Remarks
In summary, we have identified topological invariant in (~p, ~q, E, t)−phase space
quantum transport given by
1
(2π~)
∫ ∫ ∫
dkxdkydt
[
∂(a)
∂kx
∂(b)
∂ky
− ∂
(a)
∂ky
∂(b)
∂kx
]
H(a)
(
~K, E
)
G<(b)
(
~K, E
)
(40)
an integral which give results in Z manifold, the so-called first Chern numbers.
Moreover, the conventional linearity in the electrical field strength may not be
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a necessary and sufficient condition to prove the integer QHE, but rather it
is the first-order gradient expansion in the real-time SFLWT-NEGF quantum
transport equation. In general, nonlinearity in the electric field is still present
in the variable (K, E) in the integrand of Eq. (25) based on the assumptiuon of
weak electic field and hence weak time dependence. There seems to be experi-
mental evidence on this nonlinearity [11]. It also appears that electron-electron
interaction which does not break the symmetry of Eqs. (8)-(9) can be treated
in similar manner.
The method employed is based on Buot’s SFLWT-NEGF formalism [8]. It
seems more direct and natural for calculating the IQHE. It bypasses the use
of linear response theory and Kubo formula for the current-current correlation
which is based on time-dependent perturbation, thus the need to take the ω =⇒
0 limit. We believe that this is the first time that real-time SFLWT-NEGF
quantum transport formalism is demonstrated to yield the topological invariants
of condensed matter systems. In another publication [12], the real-time SFLWT-
NEGF multi-spinor quantum transport equations are able to predict various
entanglements leading to different topological phases of low-dimensional and
nanostructured gapped condensed matter systems.
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